Physics of small-scale quantum turbulence in superfluids is essentially based on the knowledge of the energy spectrum of Kelvin waves, .
Physical background
Turbulence in superfluids [1, 2] is one of most fascinating natural phenomena where transition from the laws of classical physics to the quantum laws occurs gradually as energy passes from large to small scales along the turbulent cascade. Such a coexistence of the classical and quantum physics in the same system and their interplay is a fundamental consequence of absence of viscosity, the role of with in classical turbulence is to quench the energy cascades at scales which are still large enough to be classical. In superfluids, on the other hand, when temperature is close to the absolute zero, such quenching mechanism is absent, and the energy flux unavoidably reaches the scales where the quantization of the vortex circulation (discovered by Feynman [3] ) is essential. Recently, there have been significant advances in experimental techniques allowing studies of turbulence in various systems such as 3 He [4, 5] , 4 He [6, 7] and Bose-Einstein condensates of supercold atoms [8, 9] . Often, experimental devices are not small enough to probe the transitional and quantum scales directly. For this reason, an impressive progress in numerical simulations [10, 11] is very important because they give access to characteristics of turbulence yet unavailable experimentally. In zero-temperature limit, one of the most interesting questions is the nature of the energy dissipation, namely the mechanisms of transfer the energy down to the tiny (almost atomic) scales where vortices can radiate their energy away by emitting phonons. A commonly accepted model of superfluid turbulence comprises a randomly moving tangle of quantized vortex lines which can be characterized by the mean intervortex distance and the vortex core radius . a
The vortex core radius has an atomic size and the conventional description used for fluid media fails within such a core. There are two approaches to deal with the vortex core. First one is a «microscopic» model in which the core is resolved: it is based on the Gross-Pitaevski equation, 2 2
where Ψ is so-called condensate wave function. This model is systematically derived for the Bose-Einstein condensates in super-cold atoms, but not for the liquid helium. Nevertheless, it is frequently used for describing superfluid flows in helium because it contains several essential features of such superfluids, i.e., vortex quantization, acoustic waves (phonons) in presence of a condensate, and it describes a gradual (nonsingular) reconnection of vortex lines. However, the Gross-Pitaevski equation can be costly to study, and one often resorts to using so-called Biot-Savart formulation in the Euler equations for the ideal classical fluids, exploiting the fact that far away from the vortex cores the Gross-Pitaevski dynamics is isomorphic to the ideal classical flow via the Madelung transformation. In the Biot-Savart model, the vortices are postulated via a cutoff in the equations for the vortex line elements. Namely, the equations used are
with a cutoff at the core radius a , i.e., integrating over the range | |> . a − r s
Here κ is the circulation quantum. In what follows, we will base on the Biot-Savart model. Naturally, at scales L the discreteness is unimportant and they can be described classically with the energy flux toward smaller scales by the celebrated Richardson-Kolmogorov cascade. Then the energy is transferred through the crossover scale by some complicated mechanisms [17] [18] [19] , thereby exciting smaller scales < < a λ which propagate along the individual vortex filaments as waves. These were predicted by Lord Kelvin more than one century ago [12] and experimentally observed in superfluid 4 He about 50 years ago. It is believed that Kelvin waves (KWs) play a crucial role in superfluid dynamics, transferring energy from to a much smaller scale, where it can dissipate via emission of bulk phonons. In a wide range of scales KWs are weakly nonlinear and can be treated within the theory of weak-wave turbulence [16] . Such an approach for KWs was initiated in [13] where a six-wave kinetic equation (KE) was presented, and a KW spectrum was obtained from this equation based on a dimensional analysis,
. Dimensional analysis of the KE is based on the assumption that all integrals in the collision term are converges. Physically it means that the energy transfer over scales can be considered as stepby-step cascade, in which energy to a given range of wavevectors k comes from the smaller k′ of the same order of magnitude and is transferred toward larger , k′′ again of the order of .
k This assumption, firstly suggested in 1941 by Kolmogorov for hydrodynamical turbulence is often called «locality of the energy transfer». Spectrum
was subsequently used in theoretical constructions in superfluid turbulence, e.g., to describe the classical-quantum crossover range of scales and to explain the dissipation rate in the superfluid turbulence [17] [18] [19] [20] . However, it was recently shown in [14] that this spectrum is nonlocal and, therefore, nonrealizable. This crucial locality check was only possible after a highly nontrivial calculation of the six-wave interaction coefficient done in Ref. 14 which took into account previously omitted important contributions and which yielded explicit relations for this coefficient in relevant asymptotical limits.
In this paper, we exploit the consequences of the nonlocality of the 6-wave theory, and replace the latter with a new local 5-wave theory of KW turbulence. Our 5-wave theory arises from the 6-wave theory (completed in [14] ) in the strongly nonlocal case, when one of the waves in the sextet is much longer than the other five and corresponds to the outer scale -infra-red (IR) cutoff. We derive a new spectrum of the KW turbulence which is local, and which must be used in future for revising the parts of the superfluid turbulence where the nonlocal spectrum of the 6-wave theory has previously been used.
On statistical description of weak-wave turbulence
Weak-wave turbulence refers to a class of strongly nonequilibrium statistical systems consisting of a large number of excited weakly nonlinear waves in nondissipative (Hamiltonian) dispersive media [16] . Such systems comprise a unique example where strongly nonequilibrium statistics can be addressed systematically, and states analogous to Kolmogorov-Richardson cascades of classical turbulence can be obtained analytically. Let us briefly overview the theory of weak-wave turbulence with application to the five-and six-wave systems (three-and four-wave processes are absent for KWs) starting from a classical Hamiltonian equation for the complex canonical amplitude of waves
and a * k (classical analogues of the Bose-operators of particle creations and annihilation) with a wavevector : k
Here H is a Hamiltonian which for the wave systems is 
for four-wave systems or 4,5,6 4,5,6 3 3 1 6 1 2 3 4 5 6 1,2,3 1,2,3
for six-wave systems. Here we use shorthand notations: ) .
These equations effectively describe weakly nonlinear waves of any nature [16] , using only relevant dynamical information, that presents in the system Hamiltonian . H The main technical problem is to find H for a particular complicated physical system. Fortunately, in case of KWs this cumbersome job was done for us and for general reader in Ref. 14. Statistical description of weakly interacting waves can be reached [16] in terms of the KE
for the waveaction spectrum ( , ) n t k , defined by
where … stands for the ensemble averaging. The collision integral St ( , ) t k can be found in various ways [16] , including the Golden Rule widely used in quantum mechanics. For the five-and six-wave processes we have, respectively,
Scaling solutions of these KE's can be found under two conditions satisfied for various wave systems, e.g., gravity and capillary waves on the fluid surface, Langmuir and ion-sound waves in plasma, etc. [16] .
Scale-invariance of the wave system, when the frequency of waves and the interaction coefficients are homogeneous functions of wave vectors: W with an index 6 α .
Interaction locality, in a sense that the main contribution to the energy balance of a given k-wave (with wavevector ) k originates from its interaction with k′-waves
Mathematically it means that all integrals over 1 , k 2 , k etc. in the KE's (7)-(9) converge, and therefore in the scale-invariant case the leading contribution to the collision integral indeed originates from the regions
Note that nonlocal spectra are not solutions of the KE's (7)- (9) and, therefore, physically irrelevant.
In the scale-invariant wave systems one seeks for the scale-invariant solutions of the KE's:
where A is a dimensional number. To find the scaling index x for turbulent spectra with a constant energy flux over scales, we note that all KE's (7)- (9) conserve the total energy of the wave system,
Therefore the k-space energy density, , E k satisfies a continuity equation:
Here k ε is the energy flux over scales, expressed via an integral over sphere of radius :
Under the assumption of the interaction locality, one es- 
For the spectra of turbulence with a constant energy flux = = k ε ε const, i.e., 0 .
For the p-wave process this gives the scaling exponent of ( ), n k , p x and the energy scaling exponent ,
In fact, these expressions are valid for any > 2 p . For the three-and the four-wave processes (with p = 3 and p = 4) this gives the well-known results, see, e.g., Ref. 16 . Note however, that the 4-wave 1↔3 is considered here for the first time, and it is different from the previously considered standard 2↔2 processes.
Kelvin-wave turbulence with six-wave interaction
To consider the KW system, one has to start with the Biot-Savart equations (2), consider an equilibrium state corresponding to an infinitely long straight vortex line and perturb it with small angle disturbances. This will correspond to a setup of weakly nonlinear KWs which are dispersive, and for description of which the weak-wave turbulence theory can be used. For this, one has to parametrize the transverse displacement vector of the perturbed like by the distance along the unperturbed line, pass to Fourier space and expand in small perturbation angles and small parameter 1/ Λ , where = ln( / ) 1 a Λ . Such expansion in two small parameters is not easy. This is because in the leading order in 1/ Λ the model is integrable, i.e., noncascading, and to describe the leading order of the energy transfers one has to go to next order in 1/ Λ . Second difficulty is that the lowest order process, the four-wave resonances, are absent for such one dimensional systems with concave up dispersion relation. Thus one has to go to the next order in the small nonlinearity too. Combination of these two facts makes finding of the effective interaction Hamiltonian int H for KWs a hard task. For the six-wave process, which assumes that the underlying vortex is perfectly straight, this task was accomplished only recently [14] . Effective 3↔3-interaction coefficient W was shown to have a form 4, 5, 6 4,5,6 1 2 3 4 5 6 1,2,3 1,2,3
where F is a nonsingular dimensionless function of 1 6 , , k k … close to unity in the relevant region of its arguments. In particular, 1 F → when one or several k's are much less than the maximum wavenumber in the sextet.
Equations (3), (6) and (14) provide general reader with all necessary information about KWs required for further developments in this paper. Those interested in further details about the derivations of these equations can find them in [14] .
Notice that the form of Eq. (14) could be expected because it demonstrates a very simple physical fact: long KWs (with small k's) can contribute to the energy of a vortex line only when they produce curvature. The curvature, in turn, is proportional to wave amplitude k a and, at fixed amplitude, is inversely proportional to their wave-length, i.e., . 
We repeat that KS spectrum (15) would be valid only if it was local, i.e., if all integrals (9) converged and thus one could estimate 3 3 St ( ) k ↔ as in Eq. (12) . However, detailed analysis (given in Ref. 14 and shortly reproduced below) shows the KS spectrum is nonlocal and therefore physically nonrealizable. In order to find the valid spectrum of turbulent KW we will briefly reproduce this analysis, using the Eq. (14).
Nonlocality of the energy transfer with the six-wave interactions
Let us now check if the KS spectrum (15) is local or not. For this, we consider the 3 3
↔ collision term (9) for KW with the interaction amplitude 4,5,6 1,2,3 W as in (14) and ( ) n k as in Eq. (10) . In this case 
Lower limit 0 in Eq. (16) is replaced by 1/ , where is the mean inter-vortex separation , at which approximation of noninteracting vortex lines fails and one expects a cutoff of the power like behavior (10). Prefactor 2 in Eq. (16) reflects the fact that the ranges of positive and negative 1 k give equal contributions, and factor 1/ κ is introduced to make parameter Ψ dimensionless. Ψ has a meaning of the mean-square angle of the deviation of the vortex lines from straight. Therefore 1; Ψ for highly polarized vortex lines 1. Ψ
Clearly, integral (16) IR-diverges if > 3
x , which is the case for the KS spectrum (15) with 6 = 17 / 5.
x Note that all the similar integrals over 2 , k 3 , k 4 , k and 5 k in Eq. (9) also diverge exactly in the same manner as integral (16) . Moreover, when two of the wavenumbers belonging to the same side in the sextet tend to zero simultaneously then each of such wavenumbers will yield an integral as in (16) , and the net result will be the product of these integrals, i.e., a stronger singularity than in the case of just one small wavenumber. On the other hand, small wavenumbers which are on the opposite sides of the resonant sextet do not lead to a stronger divergence because of an extra smallness arising in this case in Eq. (9) Divergence of the integrals in Eq. (9) means that KS spectrum (15) is not a solution of the KE (9) and thus nonrealizable. One should find another, self-consistent solution of this KE.
Effective four-wave theory of KW turbulence
Nonlocality of the six-wave theory is a serious problem. It indicates that dominant sextets contributing to the 3↔3-scattering are those for which two of the wavenumbers from the same side of the six-wave resonance conditions 
and respective conditions for the frequencies, which implies a 4-wave process of the 1↔3 type. In the other words, one can interpret such nonlocal sextets on straight vortex lines as quartets on curved vortices, with the slowest modes in the sextet responsible for the large-scale curvature R of the underlying vortex line in the 4-wave approach.
To derive an effective 4-wave KE, let us start with the 6-wave collision integral (9) and find the leading contributions to it when the spectrum k n is steeper than Eq. (19), we took only leading contributions in the respective IR regions, factorized the integrals over these wavevectors like in Eq. (16) and took only the zeroth order terms with respect to the small wavevectors (by putting these wavenumbers to zero) in the rest of the expression (9). Equation (8) 
Local (1↔3) L'vov-Nazarenko (LN) spectrum.
Local step-by-step energy transfer with four-wave 1↔3 interactions
Mathematically, locality of the energy transfer in the 1↔3-wave processes means convergence of the multidimensional integral in the corresponding collision term (8) . Here we will show that proof of convergence in Eq. (8) is a delicate issue and cannot be done only on the basis of power counting because the latter would give a divergent answer.
Proof of the infrared convergence
Let us show that in the IR region, when at least one of the wave vectors, say 2 k , is much smaller then , k only a quadrupole cancelation of the largest, next to the largest and the two further sub-leading contributions appear to result in the final, convergent result for the collision term (8) .
Three integrations in Eq. (8) are restricted by two conservation laws, namely by 2  2  2  2  1  2  3  1  2  3 1 3: = , = k k k k → + + + + k k k k (21) in the first term, and by .
observed for the nonlocal turbulence of Rossby/drift waves in Ref. 22 and for nonlocal MHD turbulence in Ref. 23 . In future we plan to attempt derivation of the five-wave kinetic equation directly from the dynamical equations for the Kelvin waves, which would allow us to extend its applicability to the case with strong large scales.
-Finally we note that the suggested here theory can potentially be useful for other one-dimensional physical systems, including optical fibers, where nonlinear interactions of one-dimensional wave packages becomes important with increase in network capacity.
